Gravitational self-force corrections to tidal invariants for particles



















Gravitational self-force corrections to tidal invariants for particles on eccentric orbits
in a Schwarzschild spacetime
Donato Bini1 and Andrea Geralico1
1Istituto per le Applicazioni del Calcolo “M. Picone,” CNR, I-00185 Rome, Italy
(Dated: June 19, 2018)
We study tidal effects induced by a particle moving along a slightly eccentric equatorial orbits in
a Schwarzschild spacetime within the gravitational self-force framework. We compute the first order
(conservative) corrections in the mass-ratio to the eigenvalues of the electric-type and magnetic-
type tidal tensors up to the second order in eccentricity and through the 9.5 post-Newtonian order.
Previous results on circular orbits are thus generalized and recovered in a proper limit.
I. INTRODUCTION
The problem of determining the gravitational field dy-
namically generated by a two-body system in a fully gen-
eral relativistic context is of great interest today, in view
of the recent detections of gravitational wave signals asso-
ciated with the interactions of (massive, spinning) com-
pact objects [1–6].
However, it is a matter of fact that 1) no exact solu-
tions of the Einstein’s field equations are available yet
for an interacting two-body system; 2) numerical relativ-
ity (NR) simulations (allowing to enter the strong-field
regime of the late-time dynamical evolution of the sys-
tem) can be performed, but require very long computa-
tional times and need to be tested through results ob-
tained by different approaches; 3) analytical approaches
exist only in some limiting situation and use a variety of
approximation methods.
During the last years, the Gravitational Self-Force
(GSF) approach has proven to be very useful to produce
analytical results valid for extreme mass-ratio binaries
and in the weak-field limit of the two-body interaction re-
gion (they are indeed achieved in a Post-Newtonian (PN)
way, i.e., as series expansion in powers of 1/c [7, 8]). GSF
is, substantially, the most recent development of the gen-
eral relativistic perturbation theory, containing all nec-
essary tools to explore the “regular” gravitational field
generated by one body along the world line of the other
one as well as by itself along its own world line.
The first explicit GSF analytical calculation was per-
formed in 2013 at the fourth PN level [9]. Later on,
even more accurate results have been then obtained
through (very) high PN-orders, for either metric-based
gauge-invariant quantities, like the redshift invariant,
connection-based quantities, like the precession angle of a
gyroscope, and curvature-based quantities, like the tidal
invariants measured along the world line of the perturb-
ing body. Their proper transcription into other for-
malisms (like the effective one-body (EOB) model in-
troduced by Buonanno and Damour in 1999 [10, 11])
has provided a lot of information about the underlying
physics during the evolution of the two bodies.
GSF studies were initially performed in the case of
circular orbits (corresponding to the initial, inspiralling
phase of the interaction) and for structureless particles
orbiting a non-spinning (Schwarzschild) black hole [12–
20]. Generalizations to spinning (Kerr) black holes and
non-circular orbits have then been recently obtained in
Refs. [21–32]. This kind of calculations are straightfor-
ward in principle, but require a lot of technicalities and
computational resources making very slow any progress
when relaxing the circular condition.
In this paper, we compute the GSF corrections to
the eigenvalues of the electric-type and magnetic-type
tidal tensors for slightly eccentric equatorial orbits in the
Schwarzschild spacetime up to second order in the eccen-
tricity and through the 9.5PN order. Tidal interaction ef-
fects have been extensively studied in the literature by us-
ing different approaches. The tidal potentials have been
identified and (a hierarchy of them) skeletonized through
an effective action approach in Ref. [33]. The inclusion of
tidal interactions in EOB-based codes computing wave-
forms for binary neutron star coalescence was done in
Refs. [34, 35], where the comparison between NR long-
term simulations and current versions of EOB modeling
was discussed, together with the difficulties in obtaining
NR data of sufficient accuracy. GSF analytical contribu-
tions to the tidal dynamics are available only for circular
orbits in a Schwarzschild background, in the case of spin-
less bodies [18–20, 36, 37] and very recently for spinning
bodies too, to first order in spin [38]. The present work
thus provides new information about the two-body tidal
interaction in the extreme-mass-ratio limit at disposal
of both semi-analytical and fully numerical approaches.
The next step for further research in this context will be
1) the generalization of the present results to a Kerr back-
ground, and 2) to consider higher multipolar structure of
the perturbing body, in which case available results are
limited to spin-square and 1PN approximation [39–42].
II. ECCENTRIC ORBITS AND GSF
Consider a binary system consisting of a spinless com-
pact body (with massm1) and a Schwarzschild black hole
(with mass m2), whose mass ratio is q ≡ m1/m2 ≪ 1.
Through O(q), the small body can then be considered
as following a geodesic orbit in a (suitably regularized)
perturbed spacetime gRαβ . The latter is decomposed as










dr2 + r2(dθ2 + sin2 θdφ2) , (2)
with f = 1− 2m2r , and q h
R
αβ is the first-order SF metric
perturbation. Henceforth, we shall omit the superscript
R.
Let the perturbing body move along a slightly eccen-
tric equatorial orbit. The motion is thus characterized by
the radial and (averaged) azimuthal angular frequencies
denoted by Ωr = 2pi/Tr and Ωφ = Φ/Tr, respectively.
Here, Tr denotes the radial period, whereas Φ is the ac-
cumulated azimuthal angle from periapsis to periapsis.
Akcay, Dempsey and Dolan [43] showed how to calcu-
late the O(q), GSF contribution to any gauge-invariant




[Y (m2Ωr,m2Ωφ; q)− Y (m2Ωr,m2Ωφ; 0)] ,
(3)
for fixed values of the two frequencies (Ωr,Ωφ). Once
the function ∆Y (Ωr,Ωφ) is computed, one can then re-
express it as a function of the inverse semi latus rectum
up = 1/p, and eccentricity e, of the unperturbed orbit.
This procedure has been recently applied by Kavanagh
et al. [44] to determine the spin-precession invariant
∆ψ(up, e) up to order O(e
2) in a small-eccentricity ex-
pansion, e ≪ 1, and up to order O(u6p) in the PN ex-
pansion, up = 1/p ≪ 1. Their result has been then
improved up to the order O(u9p) (9PN) in Ref. [47]. We
compute below the GSF corrections to the eigenvalues of
the main tidal tensors (i.e., of the electric and magnetic
parts of the Riemann tensor associated with natural ob-
servers), generalizing previous results for circular orbits
[18–20, 33, 36, 37]. Our results are accurate to second or-
der in the eccentricity and to the 9.5PN order. We refer
to previous papers [28, 44, 47] for all the necessary de-
tails to implement the various steps of the procedure valid
also in this case, including the contribution of the gauge,
non-radiative modes associated with spherical harmonics
characterized by l = 0, 1 and the regularization method.
The explicit expression for these mode metrics can be
found in Ref. [28] (see Appendix A there).
A. Geodesics in the background spacetime
The tangent 4-velocity u¯ (u¯·u¯ = −1) to an unperturbed
eccentric geodesic orbit on the equatorial plane of the
background Schwarzschild spacetime (2) with mass m2
is given by
u¯ = u¯α∂α =
E¯
f

















Here E¯ = −u¯t and L¯ = u¯φ denote the conserved energy
and angular momentum per unit mass of the particle,
respectively. The orbit can be parametrized either by the




1 + e cosχ
. (6)






(1 + e cosχ)2
[
p− 3− e2
p− 6− 2e cosχ
]1/2
. (7)
The (dimensionless) background orbital parameters,
semi-latus rectum p and eccentricity e, are defined by
writing the minimum (pericenter, rperi) and maximum









and are in correspondence with the particle’s specific en-
ergy and angular momentum via
E¯2 =






The inverse semi latus rectum, up ≡ p
−1, is a useful
variable, which serves also as PN expansion parameter.
Eq. (7) can be used to solve the equations for t and
φ as functions of χ, which are then expressible in terms
of elliptic functions. As stated above, eccentric orbits
on the background are characterized by two fundamental
frequencies, Ω¯r = 2pi/T¯r and Ω¯φ = Φ¯/T¯r, where Φ¯ =∮
dφ =
∮
dχdφ/dχ is the angular advance during one




dχdt/dχ. To second order
in e we find
m2Ω¯r = u
3/2





























B. Geodesics in the perturbed spacetime
Bound timelike geodesics in the equatorial plane of the
perturbed spacetime (1) have 4-velocity
u = uα∂α = (u¯




(E¯ + δE)∂t + (u¯




3with δuα = O(h). Here, δur follows from the normaliza-
tion condition of u with respect to the perturbed metric,
which reads







where h00 = hαβu¯
αu¯β . Equivalently, one can normalize
u with respect to the background metric as in Barack
and Sago (BS) [25], leading to


















The 4-velocity 1-form turns out to be
u♭ = uαdx
α
= −(E¯ + δE − htu¯)dt+
1
f
(r˙ + δur + fhru¯)dr
+(L¯+ δL+ hφu¯)dφ , (15)
where hαu¯ = hαβ u¯
β, and where the further equatorial









λuµ = 0 , (16)
determine the evolution of δut and δuφ, or equivalently of



















+ Fφ , (17)
where the functions Ft and Fφ are the covariant t and φ




(g¯µν + u¯µu¯ν)u¯λu¯ρ(2hνλ;ρ − hλρ;ν) . (18)
Here we are interested in conservative effects only, i.e.,
we assume that Fα = Fαcons results in a periodic function
















≡ LBS(χ) + δLBS(0) , (19)
recalling the relations (14). Here, the conservative self
force components are defined by F const = [Ft(χ) −
Ft(−χ)]/2 and F
cons
φ = [Fφ(χ) − Fφ(−χ)]/2. The in-
tegration constants δEBS(0) and δLBS(0) are computed
as indicated in Ref. [25], and turn out to be
δEBS(0) =


















m2p3/2[(p− 2)2 − 4e2]1/2
,
C = [(1− e)2(p− 2 + 2e)BLBS(pi)− EBS(pi)] . (21)
III. GSF CORRECTIONS TO TIDAL
INVARIANTS
In the perturbed Schwarzschild spacetime, Eq. (1), the

















We compute below the first-order self-force (1SF)
contribution to the eigenvalues of the tidal-electric,
















(B),−λ(B), 0] , (26)
where we used their traceless properties, and the exis-
tence of a zero eigenvalue of B(u) [18].
Following the prescriptions of Ref. [43] we define in









dτ denotes the radial period with respect
to the proper time τ . The first-order GSF correction to






























where ¯˙Λi denotes the background value of dΛi/dτ . Here











































































Finally, ∆Tr is related to the correction to the Detweiler-


































λ(B) = λ(B) 0SF + qλ(B) 1SF . (34)
The unperturbed (0SF) values of these eigenvalues are
















L¯(r2 + L¯2)1/2 , (35)













p + 26up − 2)





























p − 67up + 4
(1− 3up)2(1− 6up)(1− 2up)3/2
e2
+ O(e4) . (36)





























(B) 1SF following Refs.
[44, 47]. Our results are accurate to second order in ec-
centricity O(e2) and to 9.5PN order. We postpone to
the Appendix the complete, explicit results, anticipating
only the first terms of the expansions.






(B) 1SF is con-
sistent with results already obtained for the redshift func-
tion and the gyroscope precession angle along eccentric
orbits, in the sense that we find series of logarithms
with polynomial coefficients and an associated (richer
and richer) transcendental structure, e.g.,
λ
(E) 1SF
1 = P0(up, e
2) + P1(up, e
2) ln up
+ P2(up, e
2) ln2 up + . . . , (38)
where the functions Pk(up, e
2), k = 0, 1, 2, have a power
expansion in up which also involves fractional powers; the
expansion in e, instead, here only involves the two terms
e0 and e2; the coefficients of the expansion include terms
in pik, lnk 2, lnk 3, the Euler constant γk, k = 1, 2, . . .,






























































































































































































































































p ) . (41)
The circular orbit limit of these expressions is known
with very high accuracy [36] and is discussed in the next
subsection. Concerning the O(e2) part, the (theoretical)
error estimate of our analytical results can be obtained
following the analysis presented in Section IV of Ref. [47].
The eccentricity corrections to ∆λi are expected to have
the same form as in Eq. (4.5) there, namely
σthN PN(∆λi e2 (up)) =
∣∣∣C∆λi e2,LSON+ 12



















∼ ±c(∆λi e2) , (43)
with c(∆λi e2) a number of order unity. In fact, the pres-
ence of the boundary p = 6+2e between stable and plung-
ing orbits is likely to introduce a singularity in generic dy-
namical functions of p and e, so that –when expanding
such functions in powers of e– a singularity develops at
the Last Stable (circular) Orbit (LSO) up = uLSO = 1/6
in the coefficients. The exponent αN can be suitably cho-
sen to increase the agreement with existing numerical SF
data. We fix it to be zero in absence of available data.
In particular, for up = 0.1 and our 9.5PN expressions
this gives roughly σthN PN(∆λi e2(up)) ≈ 10
−4. A list of
numerical values of the tidal eigenvalues for e = 0.01 and
selected values of up is shown in Table I, with a number
of digits according to the estimate given above.
A. Circular orbit limit
Let us now consider the zero-eccentricity limit of the
above expressions. Akcay et al. [43] showed that, in
the case of the spin precession invariant, the difference
between the limit for vanishing eccentricity of ∆ψ, i.e.,
lime→0∆ψ, and the corresponding quantity ∆ψ
circ calcu-
6TABLE I: A list of numerical values of the tidal eigenvalues







0.010 0.3999×10−5 -0.2046×10−5 -0.7005×10−6
0.011 0.5484×10−5 -0.2812×10−5 -0.1013×10−5
0.013 0.7807×10−5 -0.4016×10−5 -0.1529×10−5
0.014 0.1165×10−4 -0.6016×10−5 -0.2438×10−5
0.017 0.1850×10−4 -0.9600×10−5 -0.4180×10−5
0.020 0.3191×10−4 -0.1670×10−4 -0.7910×10−5
0.025 0.6215×10−4 -0.3291×10−4 -0.1721×10−4
0.033 0.1467×10−3 -0.7909×10−4 -0.4686×10−4
0.050 0.4867×10−3 -0.2728×10−3 -0.1899×10−3
0.100 0.3489×10−2 -0.2177×10−2 -0.1854×10−2
0.111 0.4582×10−2 -0.2910×10−2 -0.2520×10−2
0.125 0.6068×10−2 -0.3930×10−2 -0.3409×10−2
0.143 0.7926×10−2 -0.5190×10−2 -0.4403×10−2
0.167 0.9422×10−2 -0.5592×10−2 -0.4329×10−2
lated for circular orbits is proportional to the SF correc-


























p (1 − 6up)
. (46)
Note that the factor 86u2p − 39up + 4 can be traced
back to the determinant of the Jacobian matrix J =






p − 39up + 4)
. (47)
We recall that δkcirc is fully known up to the 9.5PN order
in terms of the EOB function ρ [12, 31, 45], and is re-




















5/2(11u2p − 8up + 2)















5/2(2− 9up + 11u
2
p)




IV. DISCUSSION AND OUTLOOK
In the last years several analytical, first-order GSF re-
sults along eccentric orbits around a Schwarzschild black
hole have been obtained, concerning redshift, spin preces-
sion and gravitational wave energy fluxes [27, 28, 31, 44,
47, 49]. We have computed here 1SF corrections to the
eigenvalues of both the electric-type and magnetic-type
tidal tensors up to second order in eccentricity O(e2) and
through the 9.5PN order. These results will be of imme-
diate use once converted into other formalisms, like the
EOB model, where they will appear as pr-modifications
(i.e., eccentricity modifications) to the tidal part of the
Hamiltonian (such a tidal part is currently available only
in the circular orbit case). We will face with this tran-
scription in future works.
Furthermore, possible generalizations of the present
analysis –which seem to be at hand– would require either
the use of the Kerr metric instead of the Schwarzschild
one, or the addition of the multipolar structure of the
perturbing body (tidal invariants in the Kerr case have
not been analytically computed yet along circular orbits).
We will address these issues in future works too.
Appendix A: List of analytical results
We give below the complete expressions for the 1SF






(B) 1SF, to second order
in eccentricity O(e2) and through the 9.5PN order.










































































































































































































































































































































































































































































































































































































































































































































































































p ) . (A2)
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p ) . (A4)
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